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Abstract. We consider the random phone call model introduced by
Demers et al. [8], which is a well-studied model for information dissem-
ination on networks. One basic protocol in this model is the so-called
Push protocol which proceeds in synchronous rounds. Starting with a
single node which knows of a rumor, every informed node calls a ran-
dom neighbor and informs it of the rumor in each round. The Push-Pull
protocol works similarly, but additionally every uninformed node calls a
random neighbor and may learn the rumor from that neighbor.

While it is well-known that both protocols need ©(logn) rounds to
spread a rumor on a complete network with n nodes, we are interested by
how much we can speed up the spread of the rumor by enabling nodes
to make more than one call in each round. We propose a new model
where the number of calls of a node u is chosen independently according
to a probability distribution R with bounded mean determined at the
beginning of the process. We provide both lower and upper bounds on
the rumor spreading time depending on statistical properties of R such
as the mean or the variance. If R follows a power law distribution with
exponent € (2,3), we show that the Push-Pull protocol spreads a rumor
in O(loglogn) rounds.

1 Introduction

Rumor spreading is an important primitive for information dissemination in
networks. The goal is to spread a piece of information, the so-called rumor, from
an arbitrary node to all the other nodes. The random phone call model is based
on the simple idea that every node picks a random neighbor and these two nodes
are able to exchange information in that round. This paradigm ensures that the
protocol is local, scalable and robust against network failures (cf. [11]). Therefore
these protocols have been successfully applied in other contexts such as replicated
databases [8], failure detection [23], resource discovery [17], load balancing [3],
data aggregation [19], and analysis of the spread of computer viruses [2].

A basic protocol for spreading a rumor in the phone call model is the Push
protocol. At the beginning, there is a single node who knows of some rumor. Then
in each of the following rounds every informed node calls a random neighbor
chosen independently and uniformly at random and informs it of the rumor.
The Pull protocol is symmetric, here every uninformed node calls a random
neighbor chosen independently and uniformly at random, and if that neighbor
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happens to be informed the node becomes informed. The Push-Pull protocol is
simply the combination of both protocols. Most studies in randomized rumor
spreading concern the runtime of these protocols which is the number of rounds
required until a rumor initiated by a single node reaches all other nodes.

In one of the first papers in this area, Frieze and Grimmett [14] proved that
if the underlying graph is a complete graph with n nodes, then the runtime of
the Push protocol is log, n + logn + o(logn) with high probability!, where log
denotes the natural logarithm. This result was later strengthened by Pittel [22].
For the standard Push-Pull protocol, Karp et al. [18] proved a runtime bound
of logsn + O(loglogn). In order to overcome the large number of ©(nlogn)
calls, Karp et al. also presented an extension of the Push-Pull protocol together
with a termination mechanism that spreads a rumor in O(logn) rounds using
only O(nloglogn) messages. More recently Doerr and Fouz [9] proposed a new
protocol using only Push calls with runtime (140(1)) log, n using only O(n- f(n))
calls (and messages), where f(n) is an arbitrarily slow growing function.

Besides the complete graph, the randomized rumor spreading protocols men-
tioned above have been shown to be efficient also on other topologies. In particu-
lar, their runtime is at most logarithmic in the number of nodes n for topologies
ranging from basic networks, such as random graphs [11,12] and hypercubes [11],
random regular graphs [1], graphs with constant conductance [20,5,15], constant
weak conductance [4] or constant vertex expansion [16], to more complex struc-
tures including preferential attachment graphs modeling social networks [10,13].
In particular, recent studies establishing a sub-logarithmic runtime on certain
social network models [10,13] raise the question whether it is possible to achieve
a sub-logarithmic runtime also on complete graphs. In addition to analyses on
static graphs, there are also studies on mobile geometric graphs, e.g., [7,21], that
have deal with strong correlations as nodes are moving according to a random
walk.

Since the Push protocol, the Pull protocol and the Push-Pull protocol all re-
quire O(logn) rounds to spread the rumor on a complete graph, we equip nodes
with the possibility of calling more than one node in each round. Specifically,
we assume that the power of each node u, denoted by C is determined by a
probability distribution R on the positive integers which is independent of u. In
order to keep the overall communication cost small, we focus on distributions R
satisfying 3 -, o, Cu = O(n) with high probability — in particular, R has bounded
mean. While being a natural extension from a theoretical perspective, different
C,, values could arise due to varying battery capacities, processor speeds or clock
synchronizations. Our aim is to understand the impact of the distribution R on
the runtime of randomized rumor spreading. In particular, we seek for conditions
on R which are necessary (or sufficient) for a sublogarithmic runtime.

Our first result concerns the Push protocol for the case where R has bounded
mean and bounded variance. As this is the most basic setting, our runtime bound

! By with high probability we refer to an event which holds with probability 1 — o(1)
as n — oo. For simplicity, we sometimes omit the “with high probability” in the
introduction.
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is even tight up to low-order terms. To this end, let T}, = min{t | Pr[l; =n] >
1 — g(n)} be the first round in which all nodes are informed with probability
1 — g(n), where g(n) is a function tending to zero as n goes to infinity (for
simplicity we do not specify g(n)).

Theorem 1.1. Consider the Push protocol and let R be a distribution with E [R] =
O(1) and Var [R]=0(1). Then|T, — (log; g n + l0geein n)|=o(logn).

Note that by putting R = 1, we retain the classic result by Frieze and Grim-
mett for the standard Push protocol. If we drop the assumption on the variance,
then the theorem below provides a lower bound of £2(logn). Although this result
is less precise than Theorem 1.1, it demonstrates that it is necessary to consider
the Push-Pull protocol in order to achieve a sub-logarithmic runtime.

Theorem 1.2. Assume that R is any distribution with E[R] = O(1). Then
with prob. 1 —o(1), the Push protocol needs £2(logn) rounds to inform all nodes.

We point out that the lower bound in Theorem 1.2 is tight up to constant factors,
as the results in [14,22] for the standard Push-Pull protocol already imply an
upper bound of O(logn) rounds. Next we consider the Push-Pull protocol and
extend the lower bound of {2(logn) from Theorem 1.1.

Theorem 1.3. Assumethat R is any distribution withE [R] = O(1) and Var [R] =
O(1). Then for any constante > 0, with probability 1 — e the Push-Pull protocol needs
at least 2(log n) rounds to inform all nodes.

Theorem 1.3 establishes that an unbounded variance is necessary to break
the 2(logn) lower bound. An important distribution with bounded mean but
unbounded variance is the power law distribution with exponent 8 < 3, i.e., there
are constants 0 < ¢; < ¢z such that ¢12' ™ < Pr[R > 2] < cpz' P forany 2 > 1,
and Pr[R > 1] = 1. We are especially interested in power law distributions,
because they are scale invariant and have been observed in a variety of settings
in real life. Our main result below shows that this natural distribution achieves
a sublogarithmic runtime.

Theorem 1.4. Assume that R is a power law distribution with 2 < § < 3. Then
the Push-Pull protocol informs all nodes in ©(loglogn) rounds with prob. 1—o(1).

Notice that if R is a power law distribution with 8 > 3, then Theorem 1.3 ap-
plies because the variance of R is bounded. Hence our results reveal a dichotomy
in terms of the exponent f3: if 2 < § < 3, then the Push-Pull protocol finishes in
O(log log n) rounds, whereas for § > 3 the Push-Pull protocol finishes in ©(logn)
rounds 2. While a very similar dichotomy was shown in [13] for random graphs
with a power law degree distribution, our result here concerns the spread of the
rumor from one to all nodes (and not only to a constant fraction as in [13]).

2 We do not consider the case 8 < 2, since then there exists at least one node with
degree 2(n) and the rumor is spread in constant time (additionally, E[R] is no
longer bounded). The analysis of the case § = 3 is an interesting open problem.
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In addition, the distribution of the edges used throughout the execution of the
Push-Pull protocol is different from the distribution of the edges in a power law
random graph, as the latter is proportional to the product of the two nodes
weights. Therefore it seems difficult to apply the previous techniques for power
law random graphs used for the average distance [6] and rumor spreading [13].

Besides the power law distribution, one may also consider a simple two point
distribution, where for instance, R = n with probability n~! and R = 1 other-
wise. It is then straightforward to see that with constant probability, the Push-
Pull protocol informs all nodes in O(1) rounds. The same result also holds if
R = n® with probability n7¢ and R = 1 otherwise. However, the power law
distribution is arguably a more natural distribution which occurs in a variety of
instances in practice.

Finally, we also show that it is crucial that the C,’s do not change over time.
Instead, suppose we generate a new variable C!, according to the distribution R
for the number of calls made by node « in each round ¢. Then one can prove a
lower bound of 2(logn) for the Push-Pull protocol for any distribution R with
bounded mean. Based on this lower bound it seems crucial to have a fized set of
powerful nodes (i.e. nodes u with large C,,) in order to obtain a sublogarithmic
rumor spreading time.

2 Definitions and Notations

We now provide additional definitions and notations (note that the classic Push,
Pull and Push-Pull protocols have already been defined before). Here we gener-
alize the classic Push, Pull and Push-Pull to the following statistical model on a
complete graph with n nodes.

Before the protocol starts, every node u generates a random integer C,, > 1
according to a distribution R. Then, the rumor is placed on a randomly chosen
node?. Our generalized Push, Pull and Push-Pull protocol proceed like the classic
ones except that every (un)informed node u calls Cy, node(s) chosen indepen-
dently and uniformly at random and sends (request) the rumor.

Let Z; be the set of all informed nodes in round ¢ (which means after the
execution of round t) and U; be the complement of Z;, i.e., the set of uninformed
nodes. The size of Z; and U; are denoted by I; and U;. We indicate the set of
newly informed nodes in round ¢ + 1 by N; and its size is denoted by N;. Let
S; be the number of Push calls in round ¢ + 1, so S; = ZueL Cu = I;. Let

us define NFU' and NFUP to be the set of newly informed nodes by Pull and
Push calls in round ¢ + 1, respectively. The size of N and NVFU" are denoted
by NP and NFPush. The size of every set divided by n will be denoted by the

3 This is equivalent to saying that the initial node which knows the rumor has to be
chosen without knowing the sequence Cy,u € V. We make this assumption through-
out the paper, as it is frequently needed for lower bounding the runtime, e.g., the
lower bound in Theorem 1.2 may not hold if the rumor initiates from the node with
the largest C.,.
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corresponding small letter, so i, n; and s; are used to denote I;/n, Ni/n, and
St/n, respectively. Further, we define the set

L(z)={ueV:C, >z}

The size of L(z) is denoted by L(z). We define A to be maxyey C,,.

3 Push Protocol

3.1 Push Protocol with Bounded Variance (Thm. 1.1)

In this subsection we assume that the random numbers C),’s are generated ac-
cording to some distribution R with bounded mean and variance. Recall that
T, := min{t | Pr[l; =n] > 1 —o(1)}, ie., the first round in which all nodes
are informed with probability 1 — o(1). In Theorem 1.1 we show that if R is a
distribution with E[R] = O(1) and Var [R] = O(1), then [T, — (log, gz n +
log.em n)| = o(log n).

To prove this result, we study the protocol in three consecutive phases. In the
following we give a brief overview of the proof.

— The Preliminary Phase. This phase starts with one informed node and
ends when I; > 1og5 n and S; < logo(l) n. Similar to the Birthday Paradox
we show that in each round every Push call informs a different uninformed
node and thus the number of informed nodes increases by S; > I;. Hence
after O(loglogn) rounds there are at least log® n informed nodes. Further,
since E [R] = O(1), after O(loglogn) rounds we also have S; < log®® n.

— The Middle Phase. This phase starts when log5 n< Il <85 < logo(l) n
and ends when I; > log ﬁ)g " First we show that the number of Push calls
Sy increases by a factor of approximately 1+ E [R] as long as the number of
informed nodes is o(n). Then we prove that the number of newly informed
nodes in round ¢ + 1 is roughly the same as S;. Therefore an inductive
argument shows that it takes log; | gy 1 + o(logn) rounds to reach log ﬁ)gn
informed nodes.

— The Final Phase. This phase starts when I; > log ﬁ)g n and ends when all
nodes are informed with high probability. In this phase, we first prove that

n

after o(logn) rounds the number of uninformed nodes decreases to logh n"
Then we show the probability that an arbitrary uninformed node remains
uninformed is e~ BIF0 1o n), so U, decreases by this probability. Finally, an
inductive argument establishes that it takes log,eir n+0(logn) rounds until

every node is informed.

3.2 Push Protocol with Arbitrary Variance (Thm. 1.2)

We prove that if R is any distribution with E [R] = O(1), then with probability
1 — o(1) the Push protocol needs at least £2(logn) rounds to inform all nodes.
In the Push protocol, in round ¢ + 1, at most Sy randomly chosen uninformed
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nodes are informed. Hence the total contribution of newly informed nodes to
E [Si11] is at most E[R] - S;. Applying the law of total expectation shows that
E [Si4+1] < (1 + E[R]))! E [R] which implies that 2(logn) rounds are necessary
to inform all nodes.

4 Push-Pull Protocol

4.1 Push-Pull Protocol with Bounded Variance (Thm 1.3)

In this part we consider the case where R is a distribution with bounded mean
and bounded variance. We prove that with probability at least 1 — €, the Push-
Pull protocol needs at least £2(logn) rounds to inform all nodes. One interesting
example for a distribution R with bounded mean and bounded variance is a
power law distribution with parameter g > 3.

The crucial ingredient of the proof is to bound the C)’s of the nodes that
become informed by using Pull, i.e., the C}’s of uninformed nodes that call an
informed node. Note that the contribution of an uninformed node u € U; to
E[Si+1] is C, times the probability that it gets informed, which is at most
Cu - (It/n) < Cy - (S¢/n). Hence the contribution of u € U, is at most C2 -
(St/n). Now using the assumption that R has bounded variance, we have that
> uev C2 = O(n) which implies that S increases only exponentially in ¢.

4.2 Push-Pull Protocol with Power Law Distr. 2 < 8 < 3 (Thm. 1.4)

In this section we analyze the Push-Pull protocol where R is a power law distri-
bution with 2 < 8 < 3 and show that it only takes ©(loglogn) rounds to inform
all with probability 1 — o(1).

To prove the upper bound of O(loglogn), we study the protocol in three
consecutive phases and show each phase takes only O(loglogn) rounds. The
proof of the lower bound is ommitted in this extended abstract.

Proof of the Upper Bound. The following lemmas about Push will be used

throughout this section.

Lemma 4.1. Consider the Push protocol and suppose that S; < log®mn, where
2c

¢ > 0 is any constant. Then with probability 170(1°gn ™) we have I; 11 = I;+ 5.

Lemma 4.2. Consider the Push protocol. Then with probability 1 — o ) we

1
logn
have that sy — 282 — 2\/5* loilog" <ng < 8¢
We will also use the following fact about Power law distributions.

Lemma 4.3. Let {Cy: u € V} be a set of n independent random variables and

assume that each C, is generated according to a power law distribution with
1

exponent 3 > 2. Then for every z = O(ns-1/logn), it holds with probability

1-— o(i)

necy- 2P 3m-cg- 2P
<
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The Preliminary Phase. This phase starts with just one informed node and
ends when I; > ns-1 /(2logn). Let 71 be the number of rounds needed so that

the number of informed nodes exceeds n5-1 /(2logn). We will show that with
probability 1 — o(1), Ty = O(loglogn). At first we prove the following lemma.

Lemma 4.4. Let ¢ > 0 be any constant. Then with probability 1 — o(1), the
number of rounds needed to inform log®n nodes is bounded by O(loglogn).

Proof. In order to prove our lemma we only consider Push calls and apply Lemma
2c
4.1 which states that as long as S; < log®n, with probability 1 — O('°& ™),

n

iy = It + S; 2 214

Thus as long as S; < log®n, in each round the number of informed nodes is at
least doubled. So we conclude that with probability 1 —o(1), O(loglogn) rounds
are sufficient to inform log®n nodes. a

Lemma 4.5. With probability 1 — o(1), Th1 = O(loglogn).

Proof. Let Tg be the first round when I, > log 325 n. Let us define the constant

= Q(Sﬁi@) > 0. Let T be the first round such that

Igjf) < nail/logn < I;HV).

Now for any Ty < t < T, we can apply Lemma 4.3 and conclude that with
probability 1 —o( ),

1
n

71+@=5)

n-c-
S Cuz Lty s
weL (1)
So,
I, Z o c - It1+(1+“/)(2*ﬂ) _ c1 _I:*ﬁ+“/(2*ﬂ)
n vz 2 2
uweL(I;™7)

We will bound the probability that none of u € L£L(I}*7) gets informed by Pull
calls in round ¢ + 1 as follows,

Cu Cu _

I, I, Zuecut””) e BB (2=8) _ _132’3

H 1-— =(1- Le i =e 9T
n n

uelL(I; )

Since for any t > Ty, I, > 10g3zﬁ n, we have that with probability at least
1—n~%, at least one node in E(ItHA’) gets informed by Pull in round ¢+ 1. Hence
we have that Sy > ItHA’. Let us now consider the Push calls in round ¢ + 2.
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By applying Lemma 4.1 we know that as long as Sty1 = o(n) with probability
1-— 0(10;,”), St+1<1 — 0(1)) é Nt+1- Thus,
Il+’)’
Teyo > Tipr + Seqa (1 = o(1)) > tQ

N

An inductive argument shows that for any integer £ > 1 as long as I’ll":-:Qk—Q

ns'1 /logn, with probability 1 — o( " )

logn
S (14 (149" L2, 0\
T > 1 = I(l-‘r’Y)k _ I, ol s logs-#n
To+2k 9 To - 2 C, 9

where C” = 27 = O(1). So we conclude that after Ty + 2k rounds, where k =

o(logy 1 logn), there are two cases: either I, 1o > nst /(2logn) which means
T1 < Tp + 2k = O(loglogn) and we are done, or

Ipytor < nst /(2logn) < nﬁil/logn < I%:J%.
Il"r'}’/

In the latter case, we change the value v to 7 which satisfies Totok =N o1 /logn
and a similar argument shows that

1
Iy +ok+2 = no-1/(2logn).

O

The Middle Phase. This phase starts with at least not /(2logn) informed nodes
and ends when I; > logn. Let T5 be the first round in which logn nodes are in-
formed. We will show that 75 —T7 = O(loglogn). In contrast to the Preliminary
Phase where we focus only on an informed node with maximal C,,, we now con-
sider the number of informed nodes u with a C,, above a certain threshold Z;,1

which is inversely proportional to I;.

Lemma 4.6. Suppose that I; > nﬂil/(2 logn) for some round t. Let Zyiq :=
"logliog”. Then with probability 1 — o(i),

1
|L(Zt41) N Tyga| 2 4L(Zt+1)'

Proof. We consider two cases. If at least ; of the nodes in £(Z;41) are already
informed (before round ¢+1), then the statement of the lemma is true. Otherwise
|L(Z111) NUps1| > 3L(Z;41). In the latter case, we define

ﬁl(Zt+1) = ,C(Zt+1) ﬂL{t+1.

Let X, be an indicator random variable for every u € £'(Z;41) so that X, =1
if w gets informed by Pull in round ¢ + 1 and X, = 0 otherwise.
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Then we define a random variable X to be X := Zueﬁ/(ZHl) X, Since for

every u € L' (Zi41), Cyu = Zpy1 = "logltlog”, it follows that

I Cy I Zi+1
Pr[Xuzl]:1—<1— t> >1—<1— t) =1 — e Ploslosm) —q _ (1),
n n

Thus Pr(X, =1] > § and E[X] = 3, riz,,,) PriXe=1] > 3[L/(Z11)].
Since |£/(Zt+1)| = |£(Zt+1) ﬂUt+1| > 2L<Zt+1)7 E[X] > 196L(Zt+1)- We know
that I, > ns /(2logn) and also I; is a non-decreasing function in ¢, so

log1 -
Zig1 = " ogl oen <2 nh-t lognloglogn < nﬁil/logn,
t
where the last inequality holds because 8 < 3. Now we can apply Lemma 4.3
(see appendix) to infer that with probability 1 — o(i),
ceq - 718 NaeB—1
L(Zt+1) 2 n 012 t+1 2 C1 log n

Therefore, E [X] > 9":1'1(?’36_1 . Then applying a Chernoff bound results into

E [X] E[X

E[X -
Pr [X< [2 ]] < Pr {|X—E[X]| > < 2e "l g gemRog” M),

So with probability 1 — 0(711), we have that
i
E[X] N 3|1L(Zi41)] S 1

Zii1) NTia| > X > >
|L(Ziy1) N Tipa] 9 8 4

L(Zt+1)7

where the last inequality holds because |£'(Zi41)| > 3L(Z41). 0

Lemma 4.7. With probability 1 — o(1), To — Ty = O(loglogn).

Proof. Since I; > nﬁil/(Qlogn), Ziy1 = ”logltlog" < nﬂil/logn, using Lemma

4.6 results into a lower bound for [£(Z;11) NZy41]. So with probability 1 —o(}),
1

Sei1= Y Cu 2 |L(Zes1 NTi41)| - Do 2 (L Ze1) - Zeyr.

u€liyq

By applying Lemma 4.3, we conclude that with probability 1 — 0(711), L(Zi41) 2

1 2—
n-ci-Z; n-ci1-Z;

-8 3

5 ' . Therefore, with probability 1 — o(i), Sty1 = s . As long as
St+1 = o(n), we can apply Lemma 4.2 for the Push protocol to round ¢ + 2
implying that with probability 1 — 0(10;;71)7

It+2 = It+1 + Ny > It+1 + St+1(1 — 0(1)).
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Thus,

S, c _ c _
t2+1 > n.ozxp ="t ~n3*ﬁ~log10g2_ﬁn~1’tﬁ 2,

JAPES
2 16 7ttt T 16

By an inductive argument, we obtain that for any integer k > 1 with Siyr = o(n),
it holds with probability 1 —o(, * ),

logn

SI0(B=2) 5 ok
Lo > (106713*6 ~log10g2_ﬁ n) ’ It(ﬁ 2

1-(8-2)

k
= (106713*6 -loglog?~" n) r It(ﬁ_Q)k.

Therefore there exists k = (9(logﬁi2 logn) such that

1-0O(1/ log n)

€ n3-p -loglog?™? n) e Itl/log"

16
1—0O(1/logn)
= 2 | nt~01/logn) ( y -loglog®~# n) "t = ( " )
16 loglog’n)’

where § = g:;(l — O(1/logn)) > 0. Hence To < Th + 2k = T1 + O(loglogn)
with probability 1 — o(1). O

Tiyor > (

The Final Phase. This phase starts with at least logn informed nodes. Since
the runtime of our Push-Pull protocol is stochastically smaller than the runtime
of the standard Push-Pull protocol (i.e. C,, = 1 for every u € V), we simply
use the result by Karp et. al in [18, Theorem 2.1] for the standard Push-Pull
protocol which states that once I; > logn, additional O(loglogn) rounds are

with probability 1 — o(1) sufficient to inform all » nodes.
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